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Abstract
In this paper we prove that w-fixed point property and w-fixed point property are
equivalent concepts for L-embedded Banach spaces which are duals of M-embedded
spaces. Similar results will be obtained with respect to the normal structure. These
equivalences will be applied to establish new fixed point results for different examples.
We will also prove the existence of fixed points for both nonexpansive and asymptotically
regular mappings defined on subsets of L-embedded Banach spaces which are sequentially
compact for the abstract measure topology. We will check that our results do not hold in
the case of the weak topology.
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1. Introduction
Let Y be a Banach space and P a projection on Y . P is called an L-projection
if ‖x‖ = ‖Px‖ + ‖(idY −P)x‖ for all x ∈ Y . A closed subspace X ⊂ Y is called
an L-summand on Y if X is the range of an L-projection on Y . When Y =X, it
is said that X is an L-embedded Banach space and there exists a closed subspace
Xs ⊂X such thatX =X⊕1Xs . A wide study and many examples of this class
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of Banach spaces can be found in the monograph [15]. Among these examples we
point out the following:
1. Duals of M-embedded Banach spaces. A Banach space E is called an M-
embedded space (also called an M-ideal in its bidual) if its annihilator
E⊥ = {w ∈E: w(e)= 0, ∀e ∈E} is an L-summand in E. In this case,
the L-projection is just the adjoint of the canonical embedding of E in E.
It is clear that X =E is an L-embedded Banach space and X =X⊕1 E⊥.
Particular cases of duals of M-embedded Banach spaces are 1(), the Hardy
space H1 or the space C1(H) (dual of the space of compact operators on a
Hilbert space). (See [15, Chapter III] for more examples.)
2. L1(µ)-spaces and preduals of von Neumann algebras are L-embedded
Banach spaces.
LetX be a Banach space andC a subset ofX. Recall that a mapping T :C→ C
is said to be nonexpansive if ‖T x− Ty‖ ‖x− y‖ for all x, y ∈C. It is said that
X has fixed point property (FPP) if every nonexpansive self-mapping defined on
a convex bounded closed subset of X has a fixed point. It is said that X has the w-
FPP (respectively, the w-FPP in the case that X is a dual) if every nonexpansive
self-mapping defined on a convex w-compact (respectively, w-compact) subset
of X has a fixed point.
The above definitions are equivalent provided that X is reflexive. However, for
arbitrary Banach spaces we have the following implications: w-FPP (for dual
spaces) ⇒ w-FPP ⇐ FPP. The converses are false in general. Indeed, the Banach
space 1 has the w-FPP and it fails to have the FPP. The Bynum space 1,∞,
which is the space 1 renormed with the norm |x| =max{‖x+‖1,‖x−‖1}, has the
w-FPP but it fails to have the w-FPP [20].
The organization of this paper is the following: We begin by introducing the de-
finitions and notations which will be used later. In Section 3 we prove that w-FPP
and w-FPP are in fact equivalent concepts for the class of Banach spaces which
are duals ofM-embedded spaces. Thus, if one of these spaces has thew-FPP it has
automatically the w-FPP. This fact will be applied to different examples to obtain
new fixed point results. We will check that the above equivalence does not hold
even for L-embedded Banach spaces which are simply duals. We will also prove
similar results for an important geometric property which is strongly connected
with fixed point theory for nonexpansive mappings: the normal structure (NS).
In general, it seems to be an open problem if every Banach space which is dual
of an M-embedded space has the w-FPP. In this section we also give a partial
answer to this question.
In Section 4 we are going to focus on nonreflexiveL-embedded Banach spaces.
They fail to have the FPP [24] and they could fail to have the w-FPP, as, for
instance, the space L1[0,1] [1]. Moreover, their duals also fail to have the w-FPP
because they contain an isometric copy of L1[0,1] [5,24]. Furthermore, if X is
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an L-embedded Banach space, it contains a complemented subspace isomorphic
to 1 [15, p. 176] and therefore X cannot be renormed to have the FPP [10,
Corollary 4].
Bearing in mind the above results, it could seem that L-embedded Banach
spaces do not have good properties concerning the existence of fixed points for
nonexpansive mappings. However, in this section we prove that positive results
can be obtained if we change the weak topology for the abstract measure topology.
We will prove the existence of fixed points for nonexpansive self-mappings
defined on convex sequentially compact subsets for this topology. We will also
prove that this property is preserved by renormings provided that the Banach–
Mazur distance between X and the renormed space is less than 2. We will check
that this is the best estimate for the Banach–Mazur distance which we could
expect in this setting. As particular cases, we will deduce those results found in
[7,19] and [17,29] with respect to the spaces L1(µ) and 1, respectively.
Finally, we will also obtain fixed point theorems for asymptotically regular
mappings defined on subsets of an L-embedded Banach space which are se-
quentially compact for the abstract measure topology. We will check that our
results do not hold in the case of the weak topology.
2. Preliminaries
If {xn} is a sequence of a Banach space X, it is said that {xn} spans an asymp-
totically isometric copy of 1 if there exists a nonincreasing sequence {δn} ⊂ [0,1)
tending to 0 such that
∞∑
n=1
(1− δn)|αn|
∥∥∥∥∥
∞∑
n=1
αnxn
∥∥∥∥∥
∞∑
n=1
|αn|
for every {αn} ∈ 1. In this case we will denote xn ∼ (asy)1.
The concept of asymptotically isometric copy of 1 was used by Lennard and
Dowling [9] to obtain important results in fixed point theory. Namely, in [9] it
is proved that if X is a Banach space which contains a sequence spanning an
asymptotically isometric copy of 1, then X fails to have the FPP. In [24] it is
proved that every nonreflexive subspace of anL-embedded Banach space contains
an asymptotically isometric copy of 1, so every nonreflexive subspace of an L-
embedded Banach space fails to have the FPP.
For L-embedded Banach spaces, the abstract measure topology (τµ) is defined
in [25, Section 3] by considering the class of convergent sequences. Namely, if
{xn} is a sequence in an L-embedded Banach space, we say that {xn} tends to 0
in the abstract measure topology (τµ − limn xn = 0) if
{xn} is norm bounded and every subsequence {xnk } contains a subsequence {xnkl }
such that xnkl /‖xnkl ‖ ∼ (asy)1 or ‖xnkl ‖→ 0.
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A sequence {xn} tends to x in τµ if τµ − limn(xn − x) = 0 and a subset
A⊂X is τµ-closed if it is τµ-sequentially closed. The abstract measure topology
is always weaker than the norm topology. In the particular case that X is the
predual of a finite von Neumann algebra, this topology coincides with the usual
measure topology on bounded sets (on unbounded sets it does not in general) [26,
Theorem 1]. For X = L1(µ), where (Ω,Σ,µ) is a σ -finite measure space, or
X = 1, the abstract measure topology coincides with the local convergence in
measure topology (clm) or the σ(1, c0) topology on bounded sets, respectively.
The following theorem is proved in [25, Theorem 10] and it turns out a
generalization of the Bukhvalov–Lozanovski theorem [4] which was given for
the space L1(µ) and the local convergence in measure topology.
Theorem 2.1. Let X be an L-embedded Banach space (X =X⊕1Xs ). Let P be
the natural projection on X with range X, and considerC ⊂X which is normed
closed, bounded and convex. Then the following two assertions are equivalent:
(i) P(C¯σ(X,X))= C.
(ii) C is closed for the abstract measure topology.
Recall that a nonempty subset C in a Banach space X is said to be diametral
if sup{‖x − y‖: y ∈ C} = diam(C) for every x ∈ C. It is said that X has w-NS
(respectively, w-NS if X is a dual) if every convexw-compact (respectively,w-
compact) subset C with diam(C) > 0 is not diametral. In [18] it is proved that
w-NS (w-NS) implies w-FPP (w-FPP). For dual Banach spaces we have that
w-NS implies w-NS but the converse is not true: the Bynum space 1,∞ has
w-NS but it fails to have w-NS [20].
3. Equivalences between w-NS, w-NS and w-FPP, w-FPP for duals of
M-embedded Banach spaces
In this section we consider L-embedded Banach spaces which are duals of M-
embedded spaces. We know that if E is an M-embedded Banach space then E
is an L-embedded space. The converse is false [15, III.1.3]. In fact, if X is an L-
embedded Banach space (X =X⊕1 Xs ) there is (up to isometric isomorphism)
at most one predual of X which is M-embedded, and this predual exists if and
only if Xs is σ(X,X)-closed in X [15, IV.1.9].
Thus, let E be an M-embedded Banach space, X = E, so X = X ⊕1 E⊥.
The projection mapping P :X→X is then σ(X,X)-to-σ(X,E) continuous.
Before stating the main theorems of this section we prove some lemmas which
will lead us to the announced results.
The following lemma is a generalization of Lemma 5 in [3] for L-embedded
Banach spaces.
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Lemma 3.1. Let X be an L-embedded Banach space. If C is a convex, bounded,
closed for the abstract measure topology, subset of X which is diametral, then C
is weakly compact.
Proof. Assume that C is not weakly compact. We shall find x0 ∈ C such that
sup{‖x − x0‖: x ∈ C}< diam(C) which contradicts the fact of C being a diam-
etral set.
Since C is not weakly compact we know that there exists z0 ∈ C¯σ (X,X)
which does not belong to C. Notice that z0 = x0+w0, where x0 ∈X and w0 ∈Xs .
Applying Theorem 2.1 P(z0)= x0 ∈ C and so w0 = 0. On the other hand, there
exists a net {xα} ⊂ C such that σ(X,X)− limα xα = z0.
Fix x ∈ C and note that σ(X,X)− limα(xα−x)= z0−x = (x0−x)+w0.
Using that the norm is w-lower semicontinuous we deduce
‖x0 − x‖+ ‖w0‖ = ‖z0 − x‖ lim inf
α
‖xα − x‖ diam(C).
Therefore sup{‖x0 − x‖: x ∈ C} diam(C)− ‖w0‖< diam(C). ✷
Lemma 3.2. Let X be the dual of an M-embedded space E. Then the abstract
measure topology τµ is finer than the σ(X,E) topology on bounded subsets of X.
Proof. Since (X, τµ) is a sequential space it suffices to prove that every bounded
τµ-convergent sequence has a subnet σ(X,E)-convergent to the same limit.
Fix {xn} a bounded sequence with τµ − limn xn = x0, so τµ − limn yn = 0,
where yn = xn − x0 for all n ∈ N. If there exists a subsequence of {yn} which
is null convergent in norm, the corresponding subsequence of {xn} converges to
x0 with respect to the σ(X,E)-topology. Otherwise we know that we can obtain
a subsequence {ynk } such that zk := ynk/‖ynk‖ ∼ (asy)1 and M := limk ‖ynk‖
exists and M = 0. Using Lemma 2 in [25] the sequence {zk} admits a σ(X,X)-
cluster point zs ∈Xs =E⊥ with ‖zs‖ = 1. Since
lim
k
∥∥∥∥ynkM − zk
∥∥∥∥= limk
∥∥∥∥ynkM −
ynk
‖ynk‖
∥∥∥∥= limk ‖ynk‖
∣∣∣∣ 1M −
1
‖ynk‖
∣∣∣∣= 0,
Mzs is a σ(X,X)-cluster point of {ynk } and x0 +Mzs is a σ(X,X)-cluster
point of {xnk }. Therefore there exists a subnet {xnkγ } such that
σ(X,X)− lim
γ
xnkγ = x0 +Mzs.
Using now the σ(X,X)-to-σ(X,E) continuity of the projection P , we con-
clude that {xnkγ } is σ(X,E)-convergent to x0. ✷
Notice that the converse of Lemma 3.2 does not hold in general. Indeed,
consider the Hardy space H1 which is the dual of an M-embedded space. We
denote T = {z ∈ C: |z| = 1}. It is known that this space can be identified as the
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closed subspace of L1(T ) spanned by the functions {fn(θ)= einθ : n 0}. Then
the abstract measure topology coincides with the clm topology on bounded sets.
However, the unit ball of H1 is not clm-compact since the sequence {fn} has no
subsequence convergent almost everywhere. Therefore the clm topology is strictly
finer than the weak star topology.
As a consequence of the above lemmas we can state the following theorem:
Theorem 3.3. Let X be the dual of an M-embedded space E. Then the following
assertions are equivalent:
(i) X has σ(X,X)-NS.
(ii) X has σ(X,E)-NS
Proof. Since the σ(X,X) topology is finer than the σ(X,E) topology we know
that (ii) implies (i). Thus, we only need to prove (i) implies (ii), which is a conse-
quence of Lemmas 3.1 and 3.2. Indeed, fix a convex σ(X,E)-compact subset of
X with diam(C) > 0. By Lemma 3.2, C satisfies the assumptions of Lemma 3.1.
So C is not diametral, because otherwise we would obtain a contradiction to the
σ(X,X)-NS. ✷
From Theorem 3.3 we deduce that if X is a Banach space which is dual of an
M-embedded space and X has w-NS, then X has w-NS so X has the w-FPP.
Let us apply this fact to the following Banach space.
Define
X :=
(∑
p∈N
⊕p
)
1
.
Notice thatX is a dual Banach space with predualE = (c0⊕∑p∈N⊕p/(p−1))c0 .
It is proved [15, Theorem III.1.6] that the class of M-embedded Banach spaces
is stable by taking c0-sums, so E is M-embedded and the above space X is the
dual of an M-embedded space. On the other hand, it is not difficult to check that
X has the Opial condition; that is, if (xn) is a weakly null sequence in X then
lim infn ‖xn‖< lim infn ‖xn + x‖ for every x = 0. Since it is known [14] that the
Opial condition implies the weak normal structure, from Theorem 3.3 we deduce
that the space X has σ(X,E)-NS and the σ(X,E)-FPP.
Let us consider a dual Banach spaceX with the Schur property. Then it is easily
obtained that X has w-NS and w-FPP. Consequently, we obtain the following
corollary:
Corollary 3.4. Let X be a Banach space which is the dual of an M-embedded
space E. If X has the Schur property then X has σ(X,E)-NS and σ(X,E)-FPP.
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Notice that Corollary 3.4 does not hold for Banach spaces which simply have
the Schur property: the Bynum space 1,∞ is a counterexample.
Corollary 3.4 let us deduce what is proved in [17]: the Banach space 1 has
σ(1, c0)-NS and σ(1, c0)-FPP. However, the space 1 can be considered as a
particular example of the following family of Banach spaces. Consider (Xi)i∈I a
set of Banach spaces such that Xi has the Schur property and Xi is the dual of an
M-embedded space Ei for every i ∈ I . Taking into account that the class of M-
embedded Banach spaces is stable by taking c0-sums and that the Schur property
is stable by taking 1-sums, we deduce that the space XI :=
(∑
i∈I ⊕Xi
)
1(I )
has
the Schur property and it is the dual of an M-embedded Banach space EI . As a
consequence, XI has σ(XI ,EI )-NS and σ(XI ,EI )-FPP.
Next, we prove a fixed point result for convex bounded subsets of an L-
embedded Banach space which are closed for the abstract measure topology.
Lemma 3.5. Let X be a subspace of an L-embedded Banach space such that X
has the w-FPP. If C is a convex, bounded, τµ-closed subset of X and T :C→ C
is nonexpansive, then T has a fixed point.
Proof. From Theorem 2.1 it is easily obtained that if {Ci}i∈I is a nonincreasing
family of nonempty, convex, bounded, τµ-closed subsets of an L-embedded
Banach space, then
⋂
i∈I Ci = ∅. Thus if C is a convex, bounded, τµ-closed
subset of an L-embedded Banach space and T :C → C is a nonexpansive
mapping, we can apply Zorn’s lemma to deduce that there exists a subset K ⊂ C
with the same properties as C, T -invariant and minimal. Following the same
arguments as in [18] (see also [12, pp. 40–41]) and bearing in mind that the norm
is sequentially lower semicontinuous for the abstract measure topology, it is easy
to prove that the minimal set K is diametral. From Lemma 3.1, K is weakly
compact and T :K→K has a fixed point. ✷
Finally, from Lemmas 3.2 and 3.5 we derive the main result:
Theorem 3.6. Let X be the dual of an M-embedded space E. Then the following
assertions are equivalent:
(i) X has the σ(X,X)-FPP.
(ii) X has the σ(X,E)-FPP.
Proof. We know that (ii) implies (i) because the σ(X,X) topology is finer that
the σ(X,E) topology. Assume that (i) holds. From Lemma 3.5 every nonexpan-
sive mapping T :C→ C has a fixed point whenever C is a convex bounded τµ-
closed subset of X, and from Lemma 3.2 these conditions are satisfied by every
convex bounded σ(X,E)-closed subset of X. ✷
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Notice that Theorems 3.3 and 3.6 do not hold for L-embedded Banach spaces
which are simply duals. Indeed, consider the Banach space 1 as the dual of c,
the space of convergent sequences. 1 has w-NS, w-FPP but it fails to have the
σ(1, c)-FPP and σ(1, c)-NS [12, pp. 84–85].
In [23] it is proved that the space H1 has the w-FPP so from Theorem 3.6, H1
has the σ(H1,C(T )/A)-FPP, where by A we denote the disc algebra and C(T )/A
is the predual of H1 which is M-embedded (this fact was firstly proved in [3]).
On the other hand, it is known that every Banach space with an unconditional
Schauder basis with constant less than (
√
33−3)/2 has the w-FPP [22]. This fact
as well as Theorem 3.6 let us assure the following: every Banach space X, which
has an unconditional Schauder basis in the above conditions and such that X is
the dual of an M-embedded E, has the σ(X,E)-FPP. Let us apply this fact to the
dual of Schreier’s space.
A subset A= {n1 < · · ·< nk} of the natural numbersN is said to be admissible
if k  n1. Schreier’s space S is defined by the completion of the space c00 of all
scalar sequences of finite support with respect to the norm
‖x‖S := sup
{∑
j∈A
|xj |: A⊂N
}
, x = (xj )j .
This space was introduce by Schreier [27] to show that the weak Banach–Saks
property does not hold in every Banach space and it has been used to pro-
vide counterexamples to different problems in Banach space theory (see, for
instance, [13] and references therein). In [15, pp. 148–149] it is proved that
Schreier’s space is M-embedded, so S is the dual of an M-embedded Banach
space. Notice that the canonical vector (en) forms an 1-unconditional Schauder
basis for S. It can be proved that S does not have a subspace isomorphic to 1 [2,
p. 97], so (en) is shrinking and, therefore, the corresponding biorthogonal func-
tionals (en) forms a Schauder basis for S. It is not difficult to check that (en)
forms a 1-unconditional Schauder basis for S.
Therefore, applying [22] we deduce that the space S has the w-FPP and from
Theorem 3.6 we obtain that S has the σ(S, S)-FPP.
Whether or not the dual of an M-embedded Banach space always has the w-
NS or even the w-FPP seems to be unknown. However, for an important subclass
of such spaces we have the following, previously unpublished, result of Sims [28]
which is included here with his kind permission:
Theorem 3.7. Let E be a Banach space for which the space of compact operators
on E, K(E), is a semi-M-ideal in L(E), the space of bounded operators on E.
Then X = E has the σ(X,E)-uniform Kadec–Klee property and then X has
σ(X,E)-NS and σ(X,E)-FPP.
For the definition of semi-M-ideal see, for instance, [21]. From [21, Theo-
rem 2.2] we know that ifK(E) is a semi-M-ideal inL(E) thenE isM-embedded.
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Recall that a dual Banach space X is said to have the w-uniform Kadec–Klee
property if for every / > 0 there exists δ = δ(/) such that if (xn) is a sequence
in the unit ball of X with infn=m ‖xn − xm‖ > / and w − limxn = x , then
‖x‖ 1−δ. It is known that thew-uniform Kadec–Klee property impliesw-NS
and w-FPP [11]. In fact, the proof of Theorem 3.7 given in [28] is an adaption of
the arguments used in [21, Theorem 2.8], where it is proved that, under the above
hypotheses, X =E has a Kadec–Klee norm.
In light of Theorem 3.7 one can raise the question whether every dual of an M-
embedded space has the w-uniform Kadec–Klee property. The above example
X = (∑p∈N⊕p)1 answers this question in a negative way: X is the dual of
the M-embedded space and it is not difficult to check that X fails to have the
w-UKK (that is, because X contains p for every p ∈N).
4. Some fixed point results on L-embedded Banach spaces for both
nonexpansive and asymptotically regular mappings
Let X be a Banach space endowed with a topology τ . We are going to say that
X has the fixed point property with respect to τ (τ -FPP) if every nonexpansive
self-mapping defined on a convex bounded τ -sequentially compact subset of X
has a fixed point. Notice that this definition is equivalent to the usual definition
of w-FPP when τ is the weak topology. On the other hand, when X is the dual
of a separable Banach space, it is also equivalent to the w-FPP when τ is the
weak star topology. For the case of duals of M-embedded spaces it is known that
w-compact sets are w-sequentially compact [15, III.4.7], so this new definition
is more general than the usual for the w-FPP in this class of Banach spaces.
In this section we will prove that all L-embedded Banach spaces have the τµ-
FPP, where τµ is the abstract measure topology although they could fail to have
the w-FPP as in the case of L1(µ). We will also prove that the τµ-FPP is preserved
by certain renormings. Similar results will be obtained for asymptotically regular
mappings.
We begin stating the following lemma whose proof is implicity contained in
the proof of Lemma 2 in [25] (see also the proof of Lemma 1 in [24]).
Lemma 4.1. Let X be an L-embedded Banach space and τµ the abstract measure
topology. If {xn} is a sequence in X such that τµ− limn xn = 0, then for all x ∈X
the following equality is satisfied:
lim sup
n
‖xn + x‖ = lim sup
n
‖xn‖ + ‖x‖.
Using the same arguments given in [7] for the space L1(µ) and the conver-
gence locally in measure topology we can obtain:
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Theorem 4.2. Let X be an L-embedded Banach space and let | · | be an equivalent
norm on X. Set Y = (X, | · |). If the Banach–Mazur distance between X and Y is
less than 2, then Y has the τµ-FPP. In particular, X has the τµ-FPP.
Remark 4.1. As particular cases of Theorem 4.2, we obtain that every predual
of a finite von Neumann algebra has the fixed point property with respect to the
measure topology. We also deduce that the space X = L1(µ), where (Ω,Σ,µ)
is a σ -finite measure space, has the clm-FPP [7,19] whereas this space fails to
have the w-FPP [1]. For the case of 1 we again obtain that 1 has the σ(1, c0)-
FPP [17]. We also deduce the stability results for L1(µ) given in [7] and the one
for 1 given in [29].
Remark 4.2. Consider the Bynum space 1,∞. The Banach–Mazur distance be-
tween 1 and 1,∞ is equal to 2. Since we know that 1,∞ fails to have the
σ(1, c0)-FPP, the estimate for the Banach–Mazur distance given in Theorem 4.2
cannot be improved.
Recall that a mapping T :C → C is said to be asymptotically regular if
limn ‖T nx − T n+1x‖ = 0 for all x ∈ C. For a mapping T :C → C we define
the coefficient |T | as its exact Lipschitz constant, that is,
|T | := sup
{‖T x − Ty‖
‖x − y‖ : x, y ∈C, x = y
}
,
and we define s(T ) := lim infn |T n|.
If X is a Banach space and τ a topology on X, the Opial modulus with respect
to τ is defined as
rX,τ (c) := inf
{
lim inf
n
‖xn + x‖− 1: τ − lim
n
xn = 0, lim inf
n
‖xn‖ 1,
‖x‖ c
}
.
From Lemma 4.1 it is not difficult to check that for L-embedded Banach spaces
endowed with the abstract measure topology rτµ(c) = c for every c  0. Thus,
according to Corollary 3 in [8] we can deduce:
Theorem 4.3. Let X be an L-embedded Banach space and τµ the abstract
measure topology. Let C be a τµ-sequentially compact, convex subset of X and
T :C→ C an asymptotically regular mapping. If s(T ) < 1+ rτµ(1)= 2, then T
has a fixed point.
Remark 4.3. The above result is not true if we replace the abstract measure
topology by the weak topology. Indeed, it was proved by Ishikawa [16] that if
T :C → C is a nonexpansive mapping and C is a bounded convex subset of a
Banach space, then the mapping G = (I + T )/2 :C → C is also nonexpansive
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and asymptotically regular. Moreover, the fixed point set of T and G coincide. On
the other hand, in [1] a weakly compact convex subset C of L1[0,1] and a fixed
point free nonexpansive mapping T :C→C are shown. Hence, the corresponding
mapping G = (I + T )/2 :C → C is a fixed point free asymptotically regular
mapping with s(G)= 1.
Remark 4.4. Theorem 4.3 provides the best estimate for s(T ) to assure a fixed
point. Indeed, if we consider the L-embedded Banach space 1, we can find [6,
Example 3.4] a fixed point free asymptotically regular mapping T :C→C, where
C is a σ(1, c0)-compact subset of 1 and satisfying s(T )= 2.
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